e production enhancement of oil, gas, or geothermal reservoirs through hydraulic fracturing requires an in-depth study on the fracture initiation and propagation from the borehole. According to the linear elastic fracture mechanics, a theoretical model is developed to calculate the stress intensity factors of two symmetric radial cracks emanating from a pressurized borehole. e maximum tangential stress criterion under the mix-mode condition is developed to investigate the hydraulic fracture initiation. e critical water pressure and critical initiation angle predicted by the theoretical model match closely the experimental results reported in the literature. e influence of the stress anisotropy coefficient, the perforation angle and length, the borehole radius, the ratio between the water pressures in the fracture and the borehole, and Biot's coefficient are investigated. Moreover, the effects of the injected high water pressure (i.e., larger than the critical water pressure) on the fracture initiation angle are studied to further understand the characteristics of hydraulic fracture initiation. e results indicate that the perforation angle and length, the borehole radius, and the stress anisotropy coefficient have a relatively strong influence on the critical water pressure and critical initiation angle. During high-pressure water injection, the fracture initiation angle decreases as the ratio between the water pressure in the fracture and the borehole and Biot's ratio increase. e theoretical model provides a comprehensive understanding of the fracture twist, the mixed-mode fracture propagation feature, and the hydraulic fracturing optimization.
Introduction
Hydraulic fracturing has been widely used in the petroleum industry since the 1930s for enhancing production from oil and gas wells [1] . During hydraulic fracturing, high water pressure is pumped into boreholes to break down lowpermeability oil and gas that flow into the well from the reservoirs. One of the most important tasks in hydraulic fracturing design is to predict the fracturing path and the injected water pressure. Generally, hydraulic fractures open in the direction of least resistance (in a plane perpendicular to the minimum horizontal stress) [2] . An ideal horizontal well is usually designed parallel to the orientation of the minimum in situ stress so that the fracture plane induced by hydraulic fracturing operation is perpendicular to the axis of the borehole. However, in practice, the real trajectories of the horizontal wells frequently deviate from the designed direction due to the limitations of controlling technology in drilling. erefore, the crack growth direction will change under different horizontal differential stress (the difference between the maximum and minimum horizontal stresses) [2] . e orientation of the newly formed fractures is critical to the hydraulic fracturing operations and well production. e curved shape of a fracture strongly affects fluid flow because of additional frictions and changing fluid rheology, especially for fracturing fluids with a high viscosity consisting of solid proppants. erefore, a better understanding of how an induced fracture propagates under different conditions, such as different stress anisotropy coefficient, fracturing pressure, and azimuth, is fundamental for designing well spacing, well placement, and expected ultimate recovery [3] [4] [5] [6] [7] [8] .
e hydraulic fractures initiated from the drilling borehole are broadly used in petroleum engineering, in situ stress measurement, and geothermal development. Dong et al. [6] have proposed a theoretical model for hydraulic fracturing through a single radial perforation emanating from a borehole; however, two symmetrical radial cracks emanating from the borehole are more common in the hydraulic fracturing as shown in Figure 1(a) . Mode-I stress intensity factor for symmetrical radial cracks emanating from hollow cylinder in an infinite plane is first solved with the weight function method by Jin et al. [9] who showed that the borehole radius affects the stress intensity factor and stress distribution at the radial crack tips, which consequently affects the crack initiation characteristics such as the fracture initiation angle and the critical water pressure. However, most studies neglected the borehole size and generally simplified the borehole and its associated symmetrical radial precracks as a straight-line fracture [3, 10] . For instance, Chen et al. [2] characterized dynamic fracture propagation path during hydraulic fracturing by simplifying the model as a straight line, which was inconsistent with the actual experimental configuration. Behnia et al. [11] presented a boundary element method based on the higher order displacement discontinuity formulation to model the hydraulic fracture propagation in layered formations, in which the fracture was shaped being a straight line. e mechanical behavior of the line-shaped fracture under hydraulic pressure has been extensively conducted by various researchers such as Sobhaniaragh et al. [12] , da Silva et al. [13] , and Cheng et al. [14] . To study the effect of the hydraulic fracture initiated from a borehole, Zhang et al. [15] presented a 2D model for the initiation and growth of one or more hydraulic fractures from a well. ey suggested that for complex multiple fracture cases, the misalignment angle and the number of initiated fractures are important in nearwellbore fracture path selection. Sesetty and Ghassemi [16] developed a 2D numerical model based on the displacement discontinuity method (DDM) and the fictitious stress method (FSM) to investigate the effect of rock anisotropy on wellbore stresses and hydraulic fracture propagation. Additionally, the pore pressure is also a critical factor affecting the hydraulic fracture behavior [17, 18] . Gholami et al. [19] investigated the effect of pore pressure on the hydraulic fracture propagation and indicated that a higher than average pore pressure zone accelerates the fracture growth, whereas a lower pressure anomaly zone resists a growing fracture. However, few fracture criteria have been proposed to study the fracture initiation by considering the internal rock pore pressure.
When a borehole with symmetric cracks is subjected to both external compressive load and inner water pressure, the stress intensity factors at the crack tips include those in both opening mode (K I ) and sliding mode (K II ). Many studies emphasized mathematical or numerical evolution of the opening mode stress intensity factor (K I ) for two symmetric cracks emanating from a circular hole when the maximum and minimum horizontal stresses (denoted by σ H , σ h ) are tensile loads and the azimuth of the cracks is 0° [20, 21] . However, when the azimuth of the cracks in Figure 1(a) is not zero, the uniaxial or biaxial tensile loading results in a plane shear stress condition, and both opening mode and the sliding mode stress intensity factor (K I and K II ) are nonzero [22] . When the model shown in Figure 1 (a) is subjected to compressive loading (σ H and σ h are negative values) and both the pore pressure (p) and the injected water pressure (P) are considered, no theoretical work has been reported for calculating the stress intensity factors (K I and K II ) under the combined loading conditions. Since it is critical to predict the accurate path of new fractures in the hydraulic fracturing operations and well production, the geometry and direction of the hydraulic fracture under the condition shown in Figure 1 (a) are theoretically studied by an analytical method in this work.
Theoretical Model
Dong et al. [6] have theoretically studied the feature of hydraulic fracturing through a single radial perforation emanating from a borehole. e results indicated that parameters such as the perforation length, the borehole radius, and the stress anisotropy coefficient significantly affect the critical water pressure and the critical initiation angle greatly. However, the fracture growth behavior of two symmetrical radial cracks (as shown in Figure 1 (a)) is different from that of a single radial crack, which needs to be further investigated. Most of the existing studies assumed that the perforation was horizontal (β � 0°). Consequently, the far-field equivalent shear stress has no influence on the mode-II stress intensity factors. e model shown in Figure 1 (a) can be superposed by the models in Figure 1(d) is the fracture subjected to injected water pressure and the pore pressure in rock. Since the perforation angle is zero, there is no mode-II stress intensity factor under the loading conditions shown in Figures 1(b) and 1(d), and only the loading conditions in Figure 1 (c) lead to mode-II stress intensity factor.
For the model shown in Figure 1 (b), the mode-I stress intensity factor caused by the far-field in situ stress is expressed by the following equation [20, 23] :
where σ h ′ is the far-field equivalent maximum normal, k ′ is the equivalent stress anisotropy coefficient, and a and R are the perforation length and the borehole radius, respectively.
Following the convention in elastic mechanics, the tensile stress and dilatant strain are referred as positive, whereas the compressive stress and contractive strain are referred as negative in this study. erefore, because the in situ stress shown in Figure 1 (b) is compressive stress, the parameter σ h ′ in equation (1) is negative. According to the theory of elastic mechanics, for an inclined perforation angled β, the far-eld equivalent maximum normal stress (σ h ′ ) and far-eld equivalent minimum normal stress (σ H ′ ) are written as follows:
where σ h is the minimum horizontal stress and k is the ratio of the maximum horizontal stress to the minimum horizontal stress, k σ H /σ h . In addition, the equivalent stress anisotropy coe cient (k ′ ) in Figure 1 (b) can be expressed by equation (3), which represents the ratio of the far-eld equivalent maximum normal stress to the far-eld equivalent minimum normal stress,
Several methods have been proposed to estimate stress intensity factors through the nite element method (FEM), in which the interaction integral method yields higher accuracy [24] . Hence, in this paper, the stress intensity factors are calculated by the interaction integral method, and for more details, refer to the ANSYS software manual [24] .
For the model shown in Figure 1 (c), it is subjected to a far-eld equivalent shear stress which results in the mode-II stress intensity factor. For this loading condition, Hsu [22] theoretically studied the mode-II stress intensity factor for two radial cracks emanating from a circular hole in an in nite sheet under uniform in-plane shear loading, which is listed in Table 1 . However, for small cracks with a/R < 0.1, the mode-II stress intensity factor was unavailable from Hsu [22] . In this study, such values are numerically calculated by using the interaction integral method by ANSYS software which are marked by the star symbol ( * ) in Table 1 and plotted in Figure 2 . Figure 2 shows the numerical results of stress intensity factor coe cient under di erent values of a/(a + R), and the theoretical results are obtained from Hsu [22] . e results indicate that our numerical results agree well with the theoretical results.
According to Figure 2 , the mode-II stress intensity factor at the tip of the fracture shown in Figure 1 (c) can be tted by the following equations:
where Y II is the normalized mode-II stress intensity factor, x a/(a + R), and τ e is the far-eld equivalent shear stress.
For an inclined perforation with the angle of β, the far-eld equivalent shear stress can be written by as follows: 
Newman [20] and Tada et al. [23] theoretically derived the stress intensity factor formulae for the case shown in Figure 1 (d) without considering the pore pressure. e mode-I stress intensity factor in the model shown in Figure 1 (d) can be given by the following equation [20, 23] :
where P is the water injection pressure and λ is the ratio between the water pressures in the fracture and the borehole.
Based on equation (7), variation of the mode-I stress intensity factor with the perforation length (a) can be written by equation (8) , and the results are illustrated in Figure 3 .
According to Figure 3 , in the case of λ � 1 (the hydraulic pressure acts all over the fracture surface), the stress intensity factor monotonically increases along the crack from the borehole to the perforation tip and the borehole radius is assumed constant (R � 1 cm). us, the fracture propagates continuously once it is initiated. On the other hand, in the case of λ � 0 (the hydraulic pressure acts only inside the borehole), there is a critical point, before which the stress intensity factor increases with the increment of the crack length from the borehole to the perforation tip. After the critical point, the stress intensity factor decreases along the crack length from the borehole to the perforation tip. erefore, when high-viscosity fluid is used as the fracturing fluid, the stress intensity factors may not reach the fracture toughness, even if the perforation length increases. Hence, the fracture will not propagate unless the water injection pressure is increased to enlarge the value of stress intensity factor. is conclusion has also been demonstrated by the numerical Advances in Materials Science and Engineering results in Zhang et al. [25] , who showed that a high value of fluid viscosity would lead to high breakdown pressure. According to equation (7) , the critical point when λ � 0 can be evaluated by the following equation:
e solution of equation (9) shows that a/R � 0.589 is the critical point. It means that, in the case of λ � 0, when a/R < 0.589, the stress intensity factor increases with the increment of the crack length from the borehole to the crack tip, but it decreases when a/R > 0.589. erefore, for an initially short perforation with a/R < 0.589, if the input water pressure is larger than the fracture initiation stress, the fracture will extend without an additional pressure till the crack length exceeds 0.589R. Figure 4 shows the relationship between the normalized mode-I stress intensity factor (K I-P /P(πa) 0.5 ) and the normalized perforation length (a/(R + a)) for different values of the parameter λ.
e results indicate that the value of K I-P /P(πa) 0.5 increases as λ increases for the same a/(R + a). a/(R + a) ⟶ 0 or a ≪ R, K I-P /P(πa) 0.5 � 1.122 and 2.243 for λ � 0 and 1, respectively, which indicates the existence of the borehole enlarges the stress intensity factors many times no matter the water flows into the fracture or not. However, a/(R + a) ⟶1 or a ≫ R, K I-P / P(πa) 0.5 � 0 and 1 for λ � 0 and 1, respectively, which indicates the borehole can be ignored if the perforation length is much greater than the borehole radius. For such case, the stress intensity factor equals P �� � πa √ . For the case with a borehole, there is no theoretical equation available to estimate the mode-I stress intensity factor caused by the pore pressure (αp) shown in Figure 1 e widely used weight function which only depends on the model geometry and crack type is developed to determine the stress intensity factor. If the weight function for the model is known, the associated stress intensity factors can be obtained by multiplying this function by the stress distribution in the intact body and integrating it along the crack length [9, 26] . Hence, in this paper, the mode-I stress intensity factor caused by pore pressure was calculated through the weight function method. e weight function is only dependent on fracture geometry to an integration expression as follows:
where σ(x) is the stress field resulting from the loads applied on the uncracked body, normal to the faces of the prospective crack, m(x, a) is a weight function, in which x is a dummy variable, and M 1 , M 2 , and M 3 are weight function parameters.
To obtain the universal weight function m(x, a) in equation (11) for a particular cracked body, it is necessary to determine the three parameters M 1 , M 2 , and M 3 . For an infinite plate with two symmetric cracks emanating from a borehole, Jin et al. [9] determined these three parameters which can be written by
where x 1 � log 10 (a/R) and 0.001 ≤ a/R ≤ 100. For the loading condition with pore pressure, σ(x) in equation (10) becomes αp. According to equations (10)- (14) , the stress intensity factor caused by the pore pressure can be given by the following equation: Figure 5 depicts the relationship between the normalized mode-I stress intensity factor caused by the pore pressure and the normalized crack length (a/(a + R)). en, it can be well predicted by the following equations: Advances in Materials Science and Engineering
It can be seen from equations (16) and (17) that the value of K I-αp increases as the pore pressure increases, which has a positive e ect on the hydraulic fracture initiation and reduces the required pressure. According to the abovementioned discussion on the stress intensity factors under various cases, the mode-I stress intensity factor caused by the loading conditions in Figure 1 can be evaluated by the sum of equations (1), (7) , and (17) as follows:
According to fracture mechanics, the stress eld surrounding the fracture tip in the polar coordinate system shown in Figure 6 can be given by the following equation:
where r and θ are the polar coordinates originating at the fracture tip and the line of extension, respectively. e stress intensity factors K I and K II in equation (19) for the model shown in Figure 1 can obtained by equations (18) and (5), respectively.
To study the e ects of combined loadings on the fracture initiation, several mixed-mode fracture criteria have been proposed and veri ed under speci c experimental conditions. For tensile cracking, the maximum tangential stress criterion (MTS-criterion) proposed by Erdogan and Sih [27] is the simplest one and is widely used. e MTS criterion states that the fracture initiation direction coincides with the direction of the maximum tangential stress along a constant radius around the crack tip. Generally, the MTS criterion provides accurate results for tensile fracture in most brittle materials, including rock [28] . e fracture initiation direction θ c according to the MTS criterion can be found from the conditions speci ed by the following equation:
By substituting the stress eld in equation (19) into the MTS criterion in equation (20) , equation (21) is obtained:
Solving equation (21) to obtain the fracture initiation angle θ c , equation (22) is obtained: 
From equation (15) Fitting formula
Figure 5: Normalized mode-I stress intensity factor caused by pore pressure.
Fracture tip θ x r y σ θ σ r τ rθ Figure 6 : Stresses at the fracture tip. 6 Advances in Materials Science and Engineering where the fracture initiation angle (θ c ) is referred as positive when it is measured along the counterclockwise direction and negative when clockwise. Equation (22) indicates that under the case of the pure mode-I fracture, i.e., K II � 0, the fracture initiates along its original direction, i.e., θ c � 0. However, under the case of mix-mode fracture, i.e., K II ≠ 0, the fracture initiation angle depends on the positive or negative K II . e negative K II causes the positive value of fracture initiation angle while the positive K II results in the negative value of fracture initiation angle. Moreover, equation (23) can be obtained according to the second formula in equation (18):
By substituting equation (22) into equation (23),
According to fracture mechanics, the mode-I fracture toughness K IC can be obtained from equation (25), which is an important parameter of the mechanical properties of rocks and describes the material's resistance to crack propagation.
where σ t is the critical tensile strength.
When the water injection pressure reaches the critical water pressure P c , the tangential stress σ θ reaches its maximum value, which equals the tensile strength (σ t ) of the rock. Hence, according to equations (24) and (25), the critical water pressure can be obtained from equation (26) .
where K eq is the equivalent stress intensity factor. e fracture criterion used in this study assumes that the propagation direction is along a direction normal to the maximum tangential tensile stress, and when the equivalent stress intensity factor K eq is greater than or equal to the fracture toughness of the rock, K IC , the fracture propagates.
us, equation (26) is an explicit solution for the critical water pressure P c , which can be easily applied in practice. Conventional approaches commonly assume that the hydraulic fracture initiates and propagates under the condition that is controlled by the mode-I (opening) stress intensity factor, i.e., K I , reaches the value of the critical stress intensity factor or the fracture toughness, i.e., K IC . Such a model predicts that no fracturing will occur until K I � K IC . For example, Mogilevskaya et al. [29] studied the hydraulic fracturing, in which the critical water pressure was determined by adjusting the uniform pressure on the boundary of a wellbore to meet the condition of K I � K IC and the extension angle was determined by assuming K II � 0. Such method was also implemented in many numerical works conducted by researchers such as Lecampion and Desroches [30] , Zhang et al. [15] , Bao et al. [31] , and Garagash [32] .
us, these studies have unanimously ignored the effect of K II caused by the far-field in situ stress on the critical water pressure, which is only applicable given the condition that the perforation is perpendicular or parallel to the principal stress, i.e., there is no effect of the equivalent shear stress in the model. However, in the hydraulic fracturing engineering practice, the actual perforation angle is not always parallel to the orientation of the maximum horizontal stress and the appearance of the shear stress is inevitable, i.e., K II ≠ 0. In addition, equation (26) indicates that K II is an important factor affecting the hydraulic fracture initiation. e equivalent stress intensity factor K eq conveniently addresses the effect of both K I and K II on the critical injected water pressure.
Validations
To validate the proposed theoretical model, the experimental data from Chen et al. [2] and Jin [33] are used for validation. In the experiments, the samples were made of cement and quartz sand at the volume ratio of 1 : 1 with a block size of 300 mm × 300 mm × 300 mm. e preexisting perforation length was a � 30 mm, and the borehole diameter was R � 15 mm. For numerical replication, only a 2D model with a size of 300 mm × 300 mm as illustrated in Figure 1 (a) was used to investigate the hydraulic fracture initiation. e minimum horizontal stress (i.e., σ h shown in Figure 1 (a)) was 1.0 MPa. Two types of maximum horizontal stresses (i.e., σ H shown in Figure 1 (a)) were used in the experiments, i.e., 4 MPa and 6 MPa, respectively. ere was no pore pressure in the block specimens, i.e., K I−αp � 0. Based on the experiments, Jin [33] suggested that the fracture initiation angle was zero when the perforation orientation was perpendicular to the plane of the minimum Advances in Materials Science and Engineering horizontal stress, and the newly created fracture propagates to the direction perpendicular to the minimum horizontal principal stress.
According to the parameters in the experiments, the critical water pressure and critical initiation angle are calculated theoretically by equations (26) and (22), respectively, which are also shown in Figure 7 together with the experimental results. In Figure 7 , the parameter k is the stress anisotropy coefficient defined in Figure 1 (a). It can be seen from Figure 7 (a) that when k � 4, the theoretical results of the critical water pressure agree well with those obtained from the experiments (the blue and red lines). As shown in Figure 7 (b), the theoretical results of the critical water pressure are consistent with the experimental results when the perforation angles equal 30°and 60°, respectively. However, when β � 15°, the difference between the theoretical and the experimental result is roughly 1.8 MPa. For the critical initiation angle shown in Figure 7 (c), the theoretical and experimental data also fit well with each other except for the azimuth of the fracture β � 45°, in which the difference is about 4.5°. When k � 6, the theoretical results of the critical water pressure agree with the experimental data at β � 30°and 45°, while at two other perforation angles (i.e., β � 15°and 60°), the differences are significant for both the critical water pressure and critical initiation angle. e discrepancies between the theoretical and experimental results are possibly caused by following reasons: (1) the theoretical model is simplified from the practical experiments, which may result in the experimental conditions that cannot be fully realized by the theoretical model. (2) Due to the heterogeneity of the mortar blocks in the experiment (such as micropores, pores, cracks, etc.), the critical water pressures obtained in the hydraulic fracturing experiments may have a certain range, whereas the theoretical calculation assumes the material be homogeneous. (3) Some inherent errors in the experimental measurements are unavoidable. It is worth mentioning that an advantage of the presented theoretical model lies in its capability to investigate fracture initiation in homogeneous rocks. By considering the rock material heterogeneity, incorporating the proposed model into the numerical model benefits understanding the initiation and growth of hydraulic fracture in heterogeneous material, which potentially broadens the application of the present study.
To further compare the theoretical and experimental results, the experimental results of the critical water pressure are substituted into equation (22) to calculate the theoretical results of the fracture initiation angle for both k � 4 and k � 6, which are plotted in Figure 7 (c) and labelled " eoretical with EXP-P." For both k � 4 and k � 6, the theoretical predictions in the data series of " eoretical with EXP-P" are much closer to the experimental results. For example, when k � 6 and β � 15°, the differences between the theoretical and experimental results are reduced from 36% to 12% if the experimental results of the critical water pressure are substituted into equation (22) to calculate the critical initiation angle. Similarly, when k � 6 and β � 60°, the theoretical fracture initiation angle is in good agreement with the experimental results. e comparisons between the theoretical results obtained for k � 4 and k � 6 indicate that the horizontal stress anisotropy coefficient (k) has a great influence on the fracture initiation. e larger the horizontal stress anisotropy coefficient, the shorter the distance of the reoriented fracture away from the maximum horizontal stress. e overall good agreement between the theoretical and experimental results shown in Figure 7 indicates that the theoretical model proposed in this study can quantitatively predict the critical water pressure and fracture initiation angle for the hydraulic fracturing model with the symmetrical perforation emanating from a borehole. e effect of different parameters on the critical water pressure and fracture initiation angle is discussed in the following.
Theoretical Results of the Hydraulic Fracture Initiation
Section 2 shows that the proposed theoretical model requires several input parameters. ey are the far-field minimum and maximum horizontal stresses σ h and σ H , where σ H � kσ h , the perforation angle and length, the borehole radius, Biot's coefficient, the pore pressure, the ratio of the water pressure in the fracture and borehole, and the mode-I fracture toughness. All the parameters are directly measurable experimentally. In the following sections, the effects of these parameters on the critical water pressure and critical initiation angle in hydraulic fracturing engineering practice are discussed, in which the mode-I fracture toughness K IC of the rock is assumed to be 2.1 MPa·m 1/2 [34] .
Effect of Stress Anisotropy
Coefficient. e ratio between two horizontal stresses shown in Figure 1 (a) affects significantly the fracture dynamic reorientation. e larger the stress anisotropy coefficient, the shorter the distance of the reoriented fracture away from the maximum horizontal stress [2] . However, there were no systematical analytical studies on the effect of the stress anisotropy coefficient on the critical water pressure and critical initiation angle for the model of a pressurized two symmetric radial perforations emanating from a borehole. In this study, the stress anisotropy coefficient is defined as the ratio of the maximum to minimum horizontal stresses and denoted by the parameter k which is illustrated in Figure 1(a) . e minimum horizontal stress is kept constant, and hence the different values k of the stress anisotropy coefficient are obtained by changing the maximum horizontal stress. e obtained results are depicted in Figure 8 It can be seen from Figure 8 (a) that when k � 1, i.e., in the hydrostatic stress state, the value of critical water pressure remains constant for all the perforation angle ranging from 0°∼90°. For all other stress ratios k ≠ 1, when β � 0°, the water pressure reaches the critical water pressure which will result 8 Advances in Materials Science and Engineering in the fracture propagation in the direction parallel to the maximum horizontal stress. As the perforation angle increases, the critical water pressure increases gradually. is theoretical conclusion has also been demonstrated by the numerical results obtained by Sepehri et al. [4] , who showed that the breakdown pressure increases as the perforation azimuth increases. When the perforating direction is perpendicular to the maximum horizontal stress (β � 90°), the critical water pressure reaches the maximum value. Figure 8 (a) shows that there is an intersection point (β 0 ) between the curves with different stress anisotropy coefficients, where the critical water pressure decreases with the increment of stress anisotropy coefficient when 0°≤ β ≤ β 0 , while it shows the opposite trend when β 0 ≤ β ≤ 90°. What is the reason that there is an intersection point β 0 for different stress anisotropy coefficients when a � 10 mm? Equations (18) and (5) Experimental, k = 6 [31] Theoretical with EXP-P, k = 4 [31] Theoretical with EXP-P, k = 6 [31] (c) Figure 7 : Comparison of the critical water pressure and critical initiation angle obtained by using the theoretical model and the experimental tests obtained from Chen et al. [2] and Jin [33] . stresses (σ′) and K II shown in equations (2) and (5) are symmetrical at β � 45°which is not the reason for the existence of the transitional azimuth β 0 . However, the equivalent stress anisotropy coefficient (k') in equation (1) depends on both the stress anisotropy coefficient (k) and the perforation angle (β) which can be seen from equation (3). When the perforation length (a) and the wellbore radius (R) are constant, the variation of stress anisotropy coefficient results in the change of the equivalent stress anisotropy coefficient and consequently affects the value of K I-σ which can be calculated using equation (1) and is shown in Figure 9 . e intersection angle is clearly observed in Figure 9 (a) when the perforation length a � 10 mm. |K I-σ /σ h | increases with the increment of stress anisotropy coefficient when 0°≤ β ≤ β 0 , while it shows the opposite pattern when β 0 ≤ β ≤ 90°, which is same as the corresponding feature shown in Figure 8(a) . In summary, the reason for the appearance of the intersection point in Figure 8 (a) is that the stress anisotropy coefficient results in an intersection point of K I-σ . e intersection point β 0 will gradually approximate zero with the increment of perforation length as shown in Figure 9 (b). e value of K I-σ /σ h in the model without the wellbore (i.e., there is no wellbore in Figure 1(a) ) and the perforation length of (a + R) nearly equals that with wellbore when a � 300 mm and k � 3, which indicates that the effect of the borehole radius on K I-σ can be neglected when the value of a/R is larger than a critical value.
Same as that in Figure 8(a) , the critical water pressure for a � 100 mm is kept constant when the stress anisotropy coefficient k � 1.0 as shown in Figure 8(c) . Moreover, the critical water pressure increases with the increment of the perforation angle when the stress anisotropy coefficients are equal to 1.5 or 2.0. However, for the higher stress anisotropy coefficient such as k � 3, the critical water pressure slightly decreases with the increment of the perforation angle, preceding the increase when the perforation angle exceeds a critical value. Figures 8(b)-8(d) show the effect of the stress anisotropy coefficient on the critical initiation angle. With the increase of the perforation angle, the critical initiation angle deviates from the perforation direction, which increases at first, then maximize at β � 45°, and finally decreases. e curves of the critical initiation angle versus the perforation angle are symmetrical along β � 45°. When the perforation angle is parallel to the maximum or minimum horizontal stress directions, the critical initiation angle equals zero. e critical initiation angle increases as the stress anisotropy coefficient increases. When the perforation length is smaller than the wellbore radius, the critical initiation angle is also small even if the stress anisotropy coefficient is larger, which indicates that the fracture propagation direction is difficult to be changed away from the azimuth of the fracture. With the perforation length increasing, the critical initiation angle increases remarkably. Taking k � 2.5 as an example, the maximum fracture initiation angle is 15.2947°when a � 10 mm, which, however, increases to 62.7121°when a � 100 mm. e critical initiation angle in the model with different stress anisotropy coefficients can be addressed as follows:
(1) At a given perforation angle, the critical initiation angle increases as the stress anisotropy coefficient increases. e reason is that the mode-II stress intensity factor K II increases according to equations (4) and (5) . According to equations (22) and (26), the effect of stress intensity factors (K I and K II ) on the critical initiation angle (θ c ) and equivalent stress intensity factor (K eq ) is shown in Figure 10 . Both the equivalent stress intensity factor and critical initiation angle increase as the value of K II /K I increases. e critical initiation angle approaches 68.6°when the ratio K II /K I is greater than 5 and finally reaches 70.5°if the ratio K II /K I is sufficiently large. erefore, when the perforation angle is close to the direction of the maximum or minimum horizontal stresses (both σ h and σ H ), the value of K II is small, which means the value of K II /K I is small and the fracture opening is the dominant fracture growth mode, the fracture does not twist much during its growth, and the critical initiation angle is almost zero. However, when perforation angle deviates much from the direction of the maximum or minimum horizontal stresses, the fracture propagation direction will turn and tend to align towards the orientation of the maximum horizontal stresses because the absolute value of the critical initiation angle increases gradually with the increase of the value of K II , as shown in Figure 10 . As the value of K II /K I becomes large enough, the shear sliding becomes the dominant mode of the fracture growth. us, according to the proposed theoretical model, for the model shown in Figure 1(a) , the fracture will twist more during its growth under higher stress anisotropy coefficient conditions, which is same as the experimental results obtained by Ispas et al. [35] . is is what hydraulic fracturing engineers have been trying to alleviate or avoid.
(2) e fracture does not twist during its growth when the maximum horizontal stress is equal to the minimum horizontal stress (i.e., k � 1) because the Advances in Materials Science and Engineering mode-II stress intensity factor is zero which can be observed from equations (4) and (5), and the shear sliding mode disappears under this condition. In other words, the fracture plane will not be twisted. is theoretical conclusion has also been proven by the experimental results [35] .
(3) For the oil and gas reservoirs with higher stress anisotropy coefficient, to mitigate the fracture twist near the wellbore, it is recommended to reduce the inclination angle through adjusting the wellbore azimuth and/or perforation phasing. us, the proposed model and corresponding theoretical findings are significant to further understand the refracturing process in the hydraulic fracturing.
Effect of Borehole Radius.
It can be seen from the theoretical model in Section 2 that the borehole radius affects both K I and K II and consequently affects the critical water pressure and critical initiation angle, which is shown in Figure 11 . e perforation length is a � 20 mm in Figures 11(a) and 11(b) while a � 200 mm in Figures 11(c) and 11(d) . When a � 20 mm, the critical water pressure drops significantly when the borehole radius increases from 50 mm to 100 mm. Further increase of the borehole radius results in the continuous decrease of the critical water pressure although the decreasing rate significantly declines. When the perforation length is a � 200 mm, the critical water pressure also decreases as the borehole radius increases. Figures 11(a) and 11(c) indicate that for a shorter perforation length (such as smaller than the wellbore radius), the effect of borehole radius on the critical water pressure is obvious when R/a is smaller than 5; otherwise, it is unremarkable.
e effect of borehole radius on the critical water pressure should not be neglected when the perforation angle is close to the direction of the maximum horizontal stress. However, if the perforation angle is close to the direction of the minimum horizontal stress, the effect of borehole radius on the critical water pressure can be neglected.
e effects of borehole radius on the critical initiation angle are illustrated in Figures 11(b) and 11(d) , which depend on the perforation length. When the perforation length is smaller than the borehole radius, the critical initiation angle decreases as the borehole radius increases, in which the decreasing rate also slows down. However, when the perforation length is greater than the borehole radius, the critical initiation angle was almost not affected by the borehole radius, as shown in Figure 11(d) .
Effect of Perforation
Length. According to fracture mechanics, the increase of the perforation length increases the stress intensity factor, which therefore decreases the fracture initiation stress. As can be seen from Figure 11 , for the borehole with two symmetrical radial perforations shown in Figure 1(a) , the critical water pressure and critical initiation angle depend on the perforation length. Figure 12 shows the effect of the perforation length on the critical water pressure and critical initiation angle, where the borehole radius is constant. Figure 12(a) indicates the perforation length significantly affects the critical water pressure, especially when a < R. e difference between the critical water pressures obtained for a � 20 mm and 50 mm is 0.7982 MPa at β � 0°and 1.6031 MPa at β � 90°although there is only 30 mm difference in the perforation length. However, with the increase of the perforation length, the difference between the critical water pressures obtained for the adjacent perforation lengths (such as a � 150 mm and 200 mm) is not significant, which can also be observed in Figure 12 (c). It shows that the critical water pressure significantly decreases at first as the perforation length increases and then linearly decreases as the perforation length increases. In other words, when a < R, the critical water pressure is very sensitive to the perforation length and nearly grows exponentially with the perforation length decreasing. us, the greater the perforation length, the easier the hydraulic fracture growth, which can be used in practical hydraulic fracture engineering. However, it is known that the preexisting fractures emanating from the horizontal well in petroleum engineering are created by perforating gun.
us, the difficulties of the construction technology and the costs are to be considered when the perforating gun is used to produce the greater perforation length. Practical hydraulic fracturing engineering shows that there is a reasonable and economical perforation length for a specific borehole radius and a specific stress state. Figures 12(b) and 12(d) indicate that the critical initiation angle initially increases exponentially as the perforation length increases when a < R and then increases linearly when the perforation length is greater.
is theoretical conclusion has also been demonstrated by the numerical simulation results of Sepehri et al. [4] , who indicated that the longer the perforation length, the easier the reorientation from the initial perforation plane. In practical hydraulic fracture engineering, the misalignment between the fracture initiation direction and the direction of the in situ stresses usually occurs because the well may be drilled in a direction that is not aligned with the principal stress directions or the perforations are not aligned with the preferred fracture direction. erefore, as shown in Figure 12 , the fracture initiation direction from a perforation or a natural fracture intersecting the wellbore may not align with the horizontal stress direction (except for the case of the perforation angle parallel to the orientation of the in situ principal stresses). In such cases, the hydraulic fracture will reorient its propagation direction as it grows away from the wellbore until its propagation direction is eventually parallel to the principal stress direction. An optimal perforation length for fracture propagation would require a minimal water injection pressure and would generate a fracture at an achievable fracture initiation pressure with minimal tortuosity [2] . It can be observed from Figure 12 that the greater perforation length decreases the critical water pressure but increases the twist of the fracture growth. us, to accurately quantify the critical water pressure in the hydraulic fracturing, the knowledge of an accurate perforation length is required, especially when the perforation length is short.
Effect of Ratio between the Water Pressures in the Fracture and the Borehole.
Generally, the pressure in the fracture (i.e., so-called internal pressure) in impermeable rock caused by low viscous fluid is assumed to uniformly distribute along the fracture length and be equal to that in the borehole, i.e., λ � 1. However, the viscous fluid and its permeation lead to that the internal pressure nonlinearly distributes along the fracture length in permeable rock. Jeffrey [36] assumed that the internal pressure at the heel of the preexisting fracture was equal to the borehole pressure, while that at the tip of the preexisting fracture was zero because of the existing fluid lag. Many other studies also discussed the existence of the zone without fluid at the tip of the advancing fracture [37] [38] [39] . e nonlinear distribution of the internal pressure in the fracture caused by the fluid viscosity and rock permeability can be considered in the proposed theoretical model, as proposed by Jeffrey [36] . e weight function method formulated in equations (10)- (14) can then be used to evaluate the mode-I stress intensity factor caused by the internal pressure and subsequently K I-P shown in equation (7) is replaced. However, in this study, the objective is not to derive an accurate decline function for the internal pressure inside preexisting fracture but to highlight the effect of the internal pressure on the critical water pressure and critical initiation angle. erefore, the internal pressure is assumed to uniformly distribute along the fracture but its value is lower than that in the borehole by changing the parameter λ shown in Figure 1(a) . e corresponding results are shown in Figure 13 . For the inclined perforation with a high internal pressure (λ � 1.0), the critical water pressure is lowest as shown in Figure 12 : Effect of the perforation length on the critical water pressure and critical initiation angle. Figure 13(a) . With the decrease of the ratio λ, the critical water pressure increases rapidly according to a polynomial function of the parameter λ such as that shown in Figure 13 (b) when β � 15°. However, the critical initiation angle is not affected by the ratio of the water pressures in the fracture and the borehole as shown in Figure 13 (c). It is shown in Figure 10 that the reason for the twist of the fracture growth is the influence of the mode-II stress intensity factor. e change of λ affects the mode-I stress intensity factor caused by the water injection pressure (i.e., K I-P ) in equation (7) but has no effect on K II in equation (5) . In other words, K II is independent of λ; hence, the critical initiation angle does not change with the ratio λ changing. e water injection pressure distribution in the fracture is an important parameter for the evaluation of the critical water pressure. e effect of the other factors such as the fluid permeability and viscosity, which may affect the pressure distribution in the fracture, should be further discussed in future studies. Advances in Materials Science and Engineering
Effect of Biot's Coefficient.
e elevated pore pressure distribution generates a poroelastic stress whose magnitude is proportional to the coefficient of effective stress during the elastic deformation of rocks [40] . is is usually referred to as Biot's coefficient, which has a value between 0 and 1. Reported values of Biot's coefficient for crystalline rocks include 0.27 for charcoal granite [41] . Warpinski et al. [42] reported the variation of α with changes in stress and pore pressure for tight sandstone and chalk from 0.65 to 0.95 for westerly granite and 0.63 for stone mountain granites. ese values indicate that Biot's coefficient is significantly greater than zero even for low porosity rocks. Figure 14 shows the effect of Biot's coefficient (α) on the critical water pressure and critical initiation angle. It can be seen from Figure 14 (a) that the critical water pressure decreases as Biot's coefficient increases, which is beneficial to the cost savings for the hydraulic fracturing engineering. According to equations (16) and (17), the value of K I-αp increases as Biot's coefficient increases. Under a certain in situ stress situation, the borehole radius, the perforation length, and the mode-I and mode-II stress intensity factors in equations (1) and (5) are constant. erefore, for constant mode-I fracture toughness K IC , K I in equation (18) is also constant, which indicates the increase of K I-αp decreases K I-P and consequently reduces the critical water pressure. In other words, the critical water pressure decreases as the pore pressure increases. is result is very useful for the practical hydraulic fracturing engineering. For example, the pore pressure can be increased by allowing the fluid leak off into the formation or decreasing the flow rate to allow the fracturing fluid more time to leak off into the formation. e increase of the pore pressure then decreases the required the critical water pressure according to the proposed theoretical model and then helps cut the costs and enlarges the stimulated volume for the shale reservoirs. e theoretical results are consistent with the work of Gou et al. [43] and Bruno and Nakagawa [44] , who showed that an increase of the pore pressure decreases the critical pressure required to initiate a fracture and reduce the width of the newly formed fracture. Figure 14 (b) also suggests that the critical initiation angle is not affected by the pore pressure, which is same as the effect of the parameter λ shown in Figure 13 (c). e reason is that the change of α affects K I but has no effect on K II .
Effect of High-Pressure Water Injection
In hydraulic fracturing engineering such as oil and gas exploitation and geothermal utilization, the stress state of the existing fracture changes with the changing injected water pressure. e high-pressure water injection may result in three kinds of states: (1) the fracture does not propagate because the injected water pressure is smaller than P c , (2) the fracture growth occurs because of the suitable injected water pressure, and (3) the injected water pressure is too large, which leads to not only the fracture growth in the oil or gas reservoir but also the breakdown of other strata subsequently resulting in water leakage. e last state is usually observed in the practical hydraulic fracturing engineering, which is bad for the oil or gas exploration and even results in disasters. For example, in the deep geothermal development in Basel, Switzerland, due to the injected excessive water pressure, which induced earthquakes, the entire project was forced to be stopped. e injected different water pressures result in the different fracture initiation angles. For example, when the parameters K IC � 2.1 MPa·m 1/2 , a � 100 mm, R � 50 mm, σ h � 3 MPa, σ H � 6 MPa, and λ � 1, the pore pressure is neglected as shown in Figure 8(a) . e minimum value and maximum value of critical water pressure are 6.0726 MPa and 9.2022 MPa, respectively. erefore, if the injected water pressure is greater than 9.2022 MPa, the fracture will propagate in the whole range of the azimuth of the fracture, i.e., 0°∼90°. Four injected water pressures are considered, i.e., P � 12, 15, 20, and 25 MPa, and the corresponding results are shown in Figure 15 . e results indicate that fracture initiation angle under high-pressure water injection loading condition is smaller than that under critical water pressure. At a given perforation angle, the higher the injected water pressure, the lower the fracture initiation angle.
is is because the high-pressure water injection increases K I while K II is constant, which consequently decreases fracture initiation angle according to equation (22) . In other words, the increase of K I indicates the opening mode is overcoming the sliding mode. For β � 30°, fracture initiation angle is 42.0664°; however, it quickly drops to 16.9628°when P � 12 MPa and 6.9006°when P � 25 MPa. When a horizontal well is fractured with a massive multistage hydraulic fracturing technology, the results obtained from this study indicate that the shape of the fracture near horizontal lateral is different at each stage, in which the fracture plane twists less at stage I than that at stage II. As a result, the increase of the injected water pressure will help reduce the fracture tortuosity near the wellbore and will then decrease the skin factor and increase the ultimate oil or gas recovery. However, too large injected pressures will not only increase the costs but also increase the risk of the pressure penetration into other strata inducing earthquakes. us, a suitable injected water pressure needs to be carefully estimated by the proposed theoretical model. Figure 15 also indicates that fracture initiation angle is more sensitive to the change of the pumping pressure for perforation angle near 45°, which needs additional attentions since the fracture may twist more in this region. Different from the condition of critical water pressure, the high-pressure water injection loading condition leads to the fracture initiation angle becoming nonsymmetric along the vertical line through β � 45°i n Figure 15 , where the maximum value is about at β � 50°. e fracture initiation angle may be different due to the variation of the injected water pressure, the in situ stresses, and the geometries of the fracture and the borehole. Figure 16 shows the effect of these parameters on the fracture initiation angle under high-pressure water injection loading condition (i.e., the injected water pressure is larger than the critical water pressure). All the results are calculated by assuming the injected water pressure to be 20 MPa. Figures 16(a) and 16(b) illustrate the effect of the stress anisotropy coefficient on the fracture initiation angle under high-pressure water pressure loading condition, where the perforation lengths are different, i.e., long and short perforations. e results indicate that the increase of the stress anisotropy coefficient increases the fracture initiation angle, for both short and long perforations. is is because the high stress anisotropy coefficient increases K II , indicating the sliding mode is enhanced. e results also suggest that the perforation length slightly affects the fracture initiation angle under the condition of the perforation length equal or larger than the borehole radius.
Both Figures 16(c) and 16(d) show the effect of the borehole radius on the fracture initiation angle under the high-pressure water injection loading condition with different perforation lengths. e results suggest that under the long perforation length (larger than the borehole radius), the fracture initiation angle is not significantly affected by the borehole radius. However, under the short perforation length, the fracture initiation angle decreases as the borehole radius increases. When the borehole radius is ten times larger than that of the perforation length, the maximum fracture initiation angle is only about 2.46°at β � 50°. As the borehole radius increases further, the fracture initiation angle reduces to about 0°. It should be noted that with the growth of the fracture, the perforation length increases, resulting in the initially short fracture twists greatly during its growth such as that in Figure 16 (d) and finally propagate along a constant angle such as that in Figure 16 Figure 16 (e) indicates that the perforation length does not affect the fracture initiation angle when the perforation length is longer than the borehole radius, i.e., a ≥ R, which can also be seen in Figures 16(a) and 16(b) . However, as shown in Figure 16 (f ), when the perforation length is shorter than the borehole radius, the increase of the perforation length increases the fracture initiation angle for the same perforation angle, such as that for a � 50 mm and 100 mm. When the perforation length is larger than the wellbore radius, the fracture initiation angle does not change significantly with the increase of the perforation length, such as that for a � 150 mm and 200 mm, which is same as the results shown in Figure 16 (e). erefore, if the perforation length is smaller than the wellbore radius, the fracture initiation angle increases with the growth of the fracture, while finally tends to be a constant value if the perforation length is much larger than the borehole radius. Figure 16 (g) shows that the fracture initiation angle increases with the decrease of λ, which suggests the higher the fluid viscosity, the larger the fracture initiation angle. Figure 16 (h) indicates that at a given perforation angle, the higher Biot's coefficient, the lower the fracture initiation angle since K I increases as Biot's coefficient increases according to equations (16) and (17). Biot's coefficient is an intrinsic property of rock and is not homogeneous [45] ; this inhomogeneity leads to different fracture initiation angles under different stages of the hydraulic fracturing. Biot's coefficient is assumed to be a unit in the hydraulic fracturing simulators reported in many studies, which lead to an underestimation of the fracture initiation angle. An accurate laboratory measurement of Biot's coefficient is recommended to accurately predict the fracture geometry, especially for the hydraulic fracturing applied in shale gas and oil formations. e variation of Biot's coefficient changes the effective pore water pressure, i.e., αp, according to equations (16) and (17) . In practical hydraulic fracturing engineering, Biot's coefficient as well as the pore pressure surrounding the fracture is a time dependent parameter, which suggests it is important to develop a fully coupled poroelastic fracture model to study the hydraulic fracture initiation behaviors. As mentioned in Section 4.5, the mechanical effect of increasing Biot's coefficient also can be regarded as keeping the value of Biot's coefficient constant but increasing the pore pressure. erefore, for practical hydraulic fracturing engineering, the pore pressure can be increased by allowing fluid leak off through injecting the high water pressure or decreasing the flow rate to allow the fracturing fluid more time to leak into the formation, which avoids the fracture to twist during its growth and then benefit the design of the perforation angle.
Conclusions
An analytical model is proposed for investigating the hydraulic fracture initiation through a borehole with two symmetric radial perforations. e proposed model is implemented to predict the critical water pressure and fracture initiation angle for the hydraulic fracturing by considering the effect of the stress anisotropy coefficient, the borehole radius, the perforation angle and length, the injected water pressure, and the pore pressure in reservoir formation. According to the theoretical results, the following conclusions can be drawn:
(1) e proposed model addresses the effect of both the mode-I and mode-II stress intensity factors, i.e., K I and K II on the critical water pressure and fracture initiation angle, which is critical for studying the hydraulic fracturing under complex loading conditions. According to the theoretical model, the existence of the far-field equivalent shear stress is the main source of the twist of the fracture growth in hydraulic fracturing engineering. e critical water pressure and critical initiation angle derived from the theoretical model are compared against the results obtained from the experiments, and good agreement is found. (2) e critical initiation angle increases as the stress anisotropy coefficient and perforation length increase. e trend of the critical water pressure depends on the perforation angle and the ratio of perforation length to that of the borehole radius (a/R). e critical water pressure increases as the perforation angle increases when a < R and k ≠ 1, while the critical water pressure slightly decreases as the perforation angle increases at first and then increases when the perforation angle exceeds a critical value for a > R and k � 3. In addition, when a < R, the critical water pressure decreases with the increment of stress anisotropy coefficient for the perforation angle smaller than β 0 , while just the Advances in Materials Science and Engineering opposite when the perforation angle is greater than β 0 . (3) e critical water pressure decreases as the borehole radius, the ratio between the water pressure in the fracture and the borehole (λ), the perforation length, and Biot's ratio increase. e critical initiation angle is insensitive to the parameter λ and Biot's coefficient. However, under high water pressure loading condition, the fracture initiation angle decreases as the parameter λ and Biot's coefficient increase. In addition, the borehole radius has an important influence on the critical initiation angle for a < R, while the effect of the borehole radius on the critical initiation angle can be ignored for a > R.
e theoretical model developed in this study can be used to investigate the hydraulic fracture initiation through both vertical and horizontal wells. e obtained results help understand the characteristics of the hydraulic fracturing through the borehole with two symmetric radial cracks and provide guidelines for the drilling and hydraulic fracturing practice, but direct applications without any critical analysis may lead to risks due to the assumptions of linear elasticity, homogeneous material, symmetrical fracture, two dimension, etc. Moreover, it is valuable to implement this theoretical model in three-dimensional numerical simulator by incorporating the material heterogeneity.
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